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ABSTRACT

Corvex bodiesare frequentlyusedas atomsof more complex objectsin computervision. The aim of this paperis
to presentthe Minkowski functionalsas a tool for corvex shapeanalysisfor single bodies. We defineratios of these
functionalsto elaboratea mappingfrom 3D bodiesinto the unit square. Thuswe candiscriminatebetweerfilaments,
pancalesandribbons.

Keywords: Minkowskifunctionalsjsoperimetridnequality mathematicamorphologyshapeepresentatiorshapeanal-
ysis, convexity.

1. INTRODUCTION

Corvex bodiesplay a significantrole in shapedescriptionand analysis,especiallyin fields suchas computervision,

graphicsandimageprocessind. The mostfrequentlyadoptedechniquein dealingwith a complex geometricobjectis

to approximatet by turningoutinto a corvex object(arectangulabox or anellipsoid)or to decomposé into a unionof

corvex constituentsin mathematicshemostwidely usedrepresentatioachemdor corvex bodiesis thesupporffunction

representatiomtroducedoy Minkowski in the beginning of the XXth century? Simplealgebraicoperationson support
functionsresultin avariety of geometricoperationson the correspondingieometricobjects.

An anotherpoint of view in the study of corvex bodiesis the using of a family of functionals,called Minkowski
functionals. By definition, a functionalis a global parameteassociateavith a set,i.e. a mappingfrom P(R¢) ontoR.
Integral geometry providesa rigourousmathematicaframework to definethesefunctionals.

WhenMatheronandSerrd fundedthe mathematicaimorphologythey introducedthe notion of morphologyopening
associateavith the corvexity of the structuringelement; thusthey rediscaoeredthe Minkowski functionals.However, at
our bestknowledgethesefunctionalshave seldombeenusedin the strict field of imageprocessing. Yetthe Minkowski
functionalshave beenrecentlyappliedwith successo fieldsasvariedasastrophysic® or the polymercharacterizatiof,
thusshawing their versatility.

In this papemwe presentamapping calledBlaschle diagram,of thefamily of compacicornvex setsof R? to apointin
R?. This mappingusesa combinaisorof Minkowski functionalsandallows usto describethe geometryandtopologyof
individual objects.

2. CONVEX SETSAND STEINER’'SFORMULA

In this paperwe will work exclusively in thelinearspaceR?, whered = 0, 1, or 2. Thelettersz, y, . . . areusedto denote

pointsaswell asvectors.Thesumz + y of thepointsz = (z1,...,z4) andy = (y1,...,yq) coincideswith the sumof
two vectorsz + y = (21 + y1,---,Z4 + ya), andthe scalarmultiplication of a point z with a realnumbere is defined
ascx = (cx1,...,cxq). Thusthedifferencey — x canbeobtainedfrom y + cz for ¢ = —1. Thedistancebetweertwo

pointsz andy is the normof their difference||ly — z|| = \/(y1 —1)2 + -+ + (ya — z4)%. A subsetK of R? is said
corvex if for everyz andy in K thesegment[z, y] of R¢, whoseendsarez andy, is all containedn K : [z,y] C K. A
closedboundedcorvex setis calleda corvex body. The corvex setsof R aretheintervals. Givena pointz in R? anda
real positive numberr, theset

b(z,r) ={y €R* : |ly —=l| < r}

Furtherauthorinformation: (Sendcorrespondence J.-F Poiraudeau)E-mail: poiraudeau@unilim.fr
Telephone(33)555434355




is calleda ball or ad-dimensionakolid spherewith centerz andradiusr. Itsinterior {y € R? : ||y — z|| < r} isanopen
ball andits boundary{y € R? : ||y — z|| = r} asphere Thevolumeof theunit spherds denotedoy wg (wo = 1, w1 = 2,
we = m, ws = 47 /3. Two immediatepropertief corvex setsarethefollowing :

e If K isaplatein R? or abodyin R?, of somematerial,thenit containsits centerof mass(centerof gravity) ;
constandensityis not required.

e Thepropertyof corvexity for opencorvex setsis invariantby continuousdeformation All opencorvex setsof R?
areequivalent,in particularequivalentto R itself.

TheMinkowski additionis a settransformatiorwhich changeshesizeandthe shapeof agivenset.lt is carriedoutas
follows: independentiypf agivensetA, we chooseanothersetB which we call the structuringelement.The Minkowski
additionof A and B, written A ® B, translatesenlages,anddeformsthesetA. It is definedby

AeoB={z+y:z€ A y€ B} Q)

Theabove definitionis equivalentto therelations

AeB=JA+y), AdeoB=|JB+2) )
yEB z€A

Obviously, the Minkowski sum of two convex bodiesis itself corvex. If the setB is a ball of radiusr thenthe
Minkowski sumis saidto beaparallelsetof A. Thisnew setis alsocalled A dilatedby theball of radiusr ; it is the setof
pointswhosedistanceto A is atmostr. In orderto characterizerbody A onelooksfor the dilatedsetby a ball of radius
r. Let ustake someexamples.The new setsfor a pointin a plane,aline in aplaneanda rectanglen aplane(Figurel)
arerespectrely :

1. adiskof radiusr,
2. theunionof two rectangle®f sidelengthsl andr, andtwo semi-diskf radiusr,

3. a roundedrectangle,which is the union of the original rectangle,two rectanglesof side lengthsa andr, two
rectangle®f sidelengthsb andr andfinally four quarterdisksof radiusr.

Theareasarerespectiely 7?2, 2lr + 7r? andab + 2(a + b)r + 7r?. Theseformulaesuggesthattheremaybeageneral
relationshipbetweenthe areaof the original setandits parallelsetat a distancer. It is easyto seethatthe areaof the
roundedrectanglel/ (R,) canbewritten:

U(R,) = UR)® + P(R)r' + nr? (3)

whereP(R) denoteshe boundarjength(or perimeter)of therectangleR. ThefunctionsU (R) and P(R) areindepen-
dentof thescaleof theball 5(0, ). We candetectwhichtermsof theequation(3) dominatewhenr is changedIntuitively
we have

1. termsin r° : denseaegions(space-fillingregions),
2. termsin r! : partsthatextendalongtheir sides,

3. termsin 2 : line endings pointsof high curvature sharptangentdiscontinuities.

As one last example, let us considera cube@ with edgelengtha. Its parallel volume V,.(Q) may be found by
decomposition
s

Ve (Q) = a® + 6a’r + 12a7

2 3 4
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Ther—termsarethe contributionsfrom respectiely therectangulaprismson thefaceof @, from the cylindrical sectors
onits edgesandfrom the sphericalectordocatedon the corners.Again (4) suggestshe generalization

Ve(Q) = V(@) +S(@r + 2B@)r + 1’ ©

whereS(Q)is the surfaceareaand B(Q) is themeanbreadth.
We cannotethattherearethreepossibledilationsfor a segmentE

1. isotropicdilation with a ball of radiusr asin Figurel (middle);
2. normaldilation: dilation of the segmentE in thetwo normaldirectionsto E, asin ther—offsettingof E ;

3. tangentiadilation : dilation with the segment[—r, r] in the directionof thetangents.

The examplespresente@bove suggesthatfor simple3D (2D) geometricabbjects, the changein the volume (area)
canbecomputedrom theoriginal volume,areaandmeanbreadth(areaandperimeter) aslong asthe objectis inflatedor
deflatedwithout changingthetopology The corvexity of the objectis essentiafor the validity of the previousformulae,

which arecalledSteiners formulae.

2r 2r

O, , b

a+2r

Figure 1. Dilating simplesetswith aball. Threeelementarsetsareshavn with their correspondinglilations: (left) apoint, (middle)

asegmentof lengthl, (right) arectangleof sidelengthsa andb.

3. MINKOWSKI FUNCTIONALS

More generally Steiners formulafor convex bodiesin d—dimensionaEuclideanspacemaybewritten as

) =3 (§)wioao

v

(6)

v=0

wherethe W% (K) r¥ arecalledMinkowski functionalsor curvatureintegrals. For d = 3 onecanwrite

Vo (K) = W (K) + 3W S (K)r' + 3w (K) r? + W (K) r® @)



geometricquantity v W,Sd) |
V volume 0 1% V
S surface 1 5/3 S/6
M integralof meancurvature 2 M/3 M/3rn
x Eulercharacteristic 3 4dwx/3 X

Table 1. Relationbetweenthe Minkowki functionals( W,,(d)(K) and Vv (K) ) of aconvex set K and corventionalgeometrical
quantities.

By usingidentificationwe can obtainthe relation betweenthe Minkowski functionalsandthe familiar geometrical
measuregTablel).

Thusthe Minkowski functionalsaregeneralizationsf boththevolumeandthe surfaceareaof acorvex body K . Inte-
gral Geometryprovidesuswith acompletefamily of so-called‘intrinsic vqumes”WO(d) (v=0,...,d) ind—dimensional

spacewheretheusualV = Wo(d) is only oneexample.ConsiderthefunctionaIW2(3) (K) andsupposehattheboundary
OK is regularenoughto have finite principal curvaturesl /r; (s) and1/rs(s) at eachsurfaceelementds? In this case

the surfaceareaS(K) canbewrittenas [, . ds andthefunctionaI3W2(3)(K ) canberepresentedsthe surfaceintegral
of themeancurvaturek; (s), whichis notedM (K) :

M(K):/aKm(s)ds:/aK%($+;m)ds

For aball of radiusr, the curvaturesareconstantss; = 1/r andss = 1/r2, oneobtainsthat M (b(0, 7)) = 4rr.

Now considera corvex objectK, which may have edgesandverticeswhereat leastoneof the principal curvaturess
infinite. Thenit is usefulto introducethe meanbreadthwherethe meanof breadthis taken over all directionsin space.
If K is acorvex polyhedronthenthe meanbreadthb(K) is relatedto the edgelengthsl; andto the dihedronanglesy;
betweerthetwo outernormalvectorsto thefacescorrespondingo thesameedge(i = 1, .. .,n). FromSantab® we have

_ 1 &
b(K) = > i
im1

Noticethat M (K) = 27b(K).
DenoteK asthe classof closedboundedcorvex subsetsof R? andlist somegeneralpropertiesof the functionals
We:K—R forv=0,...,d.

1. Motion invariance: W2(K) = W2(gK) (g = rotationplustranslation).The Minkowski functionalsof a body
areindependenbf its locationin space.

2. k-homogeneity W2(cK) = *W2(K) forc > 0 andk > 0
3. C-Additivity : WE(Ky U Ka) = WI(Ky) + WHK>) — WK1 N Ks).
4. Corvex continuity: W2(K;) - W¢(K) asK; - K (K, K; corvex).
5. Monotonicallyincreasing W2(K;) < W(K,) if K1 C Ko

A fundamentatesultin integral geometryis the completenessf the family of Minkowski functionals. A theoremby
Hadwigef stateghatevery motioninvariant,C'—additive andcontinuousfunctionaly(K) over K canbewritten as

d
oK) =Y a, W (K)
v=0

with suitablecoeficientsa,



4. ISOPERIMETRIC INEQUALITIESAND BLASCHKE DIAGRAM

For mary yearsmathematicianfiave beeninterestedn inequalitiesinvolving geometricfunctionalsof corvex figures.
The Greeksdiscoveredthefirst isoperimeticinequalityby solving the following problem: “Is it alink betweerthe area
A of aplaneregionandits perimeterL ?”. A way to formulateanequivalentstatements in theform of theisoperimetric
inequality

Theorem. Amongall regionsin the plane enclosedy apiecavise C* boundarycurve, with areaA andperimeterL,
4rA < I? (8)

If equalityholds,thentheregionis acircle.

More generally the isoperimetricproblemin R”™ is to minimize the surfaceareaamongall domainshaving given
volume, or equivalently, maximizethe volumealongall domainsD whoseboundarysurfaceshave fixed volume. The
solutionsin both casess thatthe uniqueextremalis thedomainboundedy a sphere The correspondingnequalityis

n"w,V(D)" ! < V(6D)"

wherew,, is thevolumeof aunitball in R® anddD is theboundaryof D. The equalityholdsif andonly if D is theball.
Thisinequalityis the consequencef thefundamentatesultestablishedby BrunnandMinkowski. We shallfirst present
thisresultin caseof the plane(A(A) denotegheareaof A).

Theorem. Brunn-Minkowskiinequality Let A, B € R? bearbitraryboundedneasurablsetsin the plane.Then

VA@ =NA+AB) > (1- VA + \WA(B), A €0,1] (9)

This theoremsaysthatsincethe Minkowski additiontendsto “round out” the setsbeingmixed, the areaof the mixed set
exceedghe sumof the areaof the A and B. We cancheckthis resultin the caseof rectanglewith sidesparallelto the
axes. The generaresultcanbe provedby exhaustingthe sets4 and B by disjointrectanglesThe above theoremcanbe
establishedn n-dimensionakpacelf A andB arenon-emptycompacisubset®f R, then

vol((1 = A)A + AB)Y/™ > (1 — A)vol(A)Y/™ + Avol(B)'/™, X e [0,1] (10)

Thefollowing inequalitiesof Minkowski canbe statedfrom the previoustheorem.

S? > 3VM (11)
M? > 4zS (12)
M3® > 487°V (13)

Blaschle proposedmappingthe family of compactcorvex setsk, in R?, into a compactregion in the plane. In other
words, he proposedhateachmemberof K be mappedo the point (z, y) of R% , where

47 S 4872V
= —F and =

M2 ) M3 (14)

The rangeof this mappingis callednow the Blaschle diagramandis denotedby K.1° Relationsbetweerthreefunda-
mentalparametersf a convex bodyarethusmappedn aplanediagram,asin Figure?2.

Theinequalitiesabove canbetranslatedo

a2 >y (15)
> (16)
> 17)
8
— where y=20 (18)

’
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Figure 2. TheBlaschle diagram.

Obsene thatall similar setsare mappedo the samepoint. Thusthe balls arethe only bodiesmappednto the point
(1,1). Theimageof pointsandline segmentss in (0, 0). Planarcorvex setsfor whichV = 0, aremappedo thez—axis,
andthedisksaretheonly setswhoseimageis (8/72,0).

'@usf is a boundedegion includedin the unit square Let usfind the boundaryof K. Theinequalitiesabove assert
that .
0<z<1, O0<y<a’ (19)

wheretheparabolay = 2% (0 < z < 1) belongsto the boundaryof

The family of extremesetsmappedo the parabolicbhoundaryarethe capbodies. Thesearethe corvex hull of a ball
and countablymary pointsexterior to it suchthatthe segmentsjointing arny two of thesepointsintersectthe ball. The
right boundaryis still unknawn.

To show thatthe Blaschle diagramis connectedgonsiderthe corvex mixing J = (1 — A)K + AL whereK andL are
elementf £ andA € [0, 1]. Eachelemenibf J is amembernf K andit follows from the propertiesof V, S and M that
theimageof J is analgebraiccurve ! In particular theimageof asetK is connectedo (1,1) by the curve determined
by its outerparallelbodies thatis the bodiesof theform K + rb(0, 1). If theimageof J liesontheline y = 3z — 2, then
all its outerparallelbodiesaremappedo thatline. The pointlabelledA is theimageof the cubes.ThepointlabelledB
is theimageof the cylinderswhosethe heightis equalto the radius.lt is on the curve which is the mappingof cylinders
of radiusr andof heightAr. Thevolume,surface,meancurvatureandEulercharacteristiof thesepreviouscylindersare
respectiely :

V =mAr?, S =27r*(1+A), M =nr(r +A), x=1

By varyingthe parameten\ from zeroto infinity, we canchangethe morphologyof the cylinder from prolateto oblate
shape.
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Figure 3. The shapeof somecorvex bodies. The solid line correspondgo cylindersin transitionfrom a filamentto a pancalk by
varyingtheir height.

5. THE SHAPEFINDERS

The corvex bodiesdo notfill the whole unit square.We choosethreeindependentatiosof Minkowski functionalsthat
have dimensionof length.Requiringthatthey yield theradiusr appliedto a ball, we define

Yo width Wi=2',  Length L, =2

Thick Ty = —
ickness Tp 3V, . v,

With the isoperimetricinequality we have L, > W; > Ty, for ary corvex body. RecentlySahnietal.” have proposed
dimensionlesshapefinderby

Wi—Th Le_Wi

Planarity P = ———, Filamentary F = ——
Y Wi — Th Y L.+ W,

(20)

Now considerthe exampleof parallelipeds. An ideal pancale (having vanishingthickness)hasone characteristic
dimensionmuch smallerthanthe remainingtwo, sothatT;, <« W; ~ L, andKp » ~ (1,0). An idealfilament(a
one dimensionalobject) hastwo characteristiadimensionsmuch smallerthanthe third sothat7; ~ W; <« L. and
Kp r ~ (0,1). All threedimensionf acubeareequalsothat?;, ~ W; ~ L, andKp = ~ (0,0). Finaly consider
aribbon for which T, « W; « L, andKp r ~ (1,1). Thesefour parallelipedcorrespondo the pointslabelled
respectiely a, b, ¢ andd ontheFigure3.

a,bc Morphology (P, F) Thickness Width Length
(10000,10000,1) Pancale (0.990,0.221) 1.497 318,782 500.250
(10000,1,1) Filament (0.258,0.998) 0.749 1.273 2500.000
(10000,100,1) Ribbon (0.954,0.950) 1.485 63.661 2525.250
(10000,10000,10000) Cube (0.120,0.0817) 5000.000 6366.197 7500.000

Table 2. Shapefinderfor aparallelipedwith sidelengthsa, b, ¢. T, W; and L. have dimensiorof length,P and.F aredimensionless.



6. CONCLUSION

In this paper we have presentedhe Blaschle diagramand one variantwhich have allowed us to represen8D convex
bodieswith a pointin R2. The majorlimit of the mappingis thatit is restrictedto corvex bodies. Indeed both corvex
andnon-corvex bodiescanbe representedvith the samepoint. It will be thenessentiato useinformationof semantic
typein orderto discriminatebetweerobjects.
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