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ABSTRACT

Convex bodiesare frequentlyusedas atomsof more complex objectsin computervision. The aim of this paperis
to presentthe Minkowski functionalsasa tool for convex shapeanalysisfor singlebodies. We defineratiosof these
functionalsto elaboratea mappingfrom 3D bodiesinto the unit square.Thuswe candiscriminatebetweenfilaments,
pancakesandribbons.

Keywords: Minkowski functionals,isoperimetricinequality, mathematicalmorphology,shaperepresentation,shapeanal-
ysis,convexity.

1. INTRODUCTION

Convex bodiesplay a significantrole in shapedescriptionand analysis,especiallyin fields suchas computervision,
graphicsandimageprocessing.2 Themostfrequentlyadoptedtechniquein dealingwith a complex geometricobjectis
to approximateit by turningout into aconvex object(a rectangularboxor anellipsoid)or to decomposeit into aunionof
convex constituents.In mathematicsthemostwidely usedrepresentationschemefor convex bodiesis thesupportfunction
representationintroducedby Minkowski in thebeginningof theXXth century.3 Simplealgebraicoperationson support
functionsresultin avarietyof geometricoperationson thecorrespondinggeometricobjects.

An anotherpoint of view in the studyof convex bodiesis the usingof a family of functionals,calledMinkowski
functionals.By definition,a functionalis a globalparameterassociatedwith a set,i.e. a mappingfrom 4!5 687 9 onto 6 .
Integralgeometry: providesa rigourousmathematicalframework to definethesefunctionals.

WhenMatheronandSerra; fundedthemathematicalmorphologythey introducedthenotionof morphologyopening
associatedwith theconvexity of thestructuringelement; thusthey rediscoveredtheMinkowski functionals.However, at
our bestknowledgethesefunctionalshaveseldombeenusedin thestrict field of imageprocessing.< Yet theMinkowski
functionalshavebeenrecentlyappliedwith successto fieldsasvariedasastrophysics= > or thepolymercharacterization,?
thusshowing their versatility.

In thispaperwepresentamapping,calledBlaschkediagram,of thefamily of compactconvex setsof 68: to apoint in683 . This mappingusesa combinaisonof Minkowski functionalsandallowsusto describethegeometryandtopologyof
individualobjects.

2. CONVEX SETS AND STEINER’S FORMULA

In thispaperwewill work exclusively in thelinearspace6 7 , where@�A B C D C or 2. ThelettersEFC GHC I I I areusedto denote
pointsaswell asvectors.Thesum E/J�G of thepoints E�AK5 E 2 C I I I C E 7 9 and G/AK5 G 2 C I I I C G 7 9 coincideswith thesumof
two vectorsE/J	G�A�5 E 2 J	G 2 C I I I C E 7 J	G 7 9 , andthescalarmultiplicationof a point E with a realnumberL is defined
as L E�AM5 L E 2 C I I I C L E 7 9 . ThusthedifferenceG!N�E canbeobtainedfrom G�J L E for L�AMN�D . Thedistancebetweentwo
points E and G is the normof their difference,O G/N�E8O!A�P 5 G 2 N�E 2 9 3 J Q Q Q J 5 G 7 N�E 7 9 3 . A subsetR of 687 is said
convex if for every E and G in R thesegment S EFC G T of 687 , whoseendsare E and G , is all containedin R : S EFC G T8U R . A
closedboundedconvex setis calleda convex body. Theconvex setsof 6 arethe intervals. Givena point E in 687 anda
realpositivenumberV , theset W 5 EFC V 9�A�X G/Y�6 7/Z O G�N�E8O�[	V \
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is calleda ball or a ] -dimensionalsolidspherewith center̂ andradius_ . Its interior ` a/b�c8d!eHf a�g�^(fih	_ j is anopen
ball andits boundarỳ a/b�c8d/e1f a�g/^(f�k _ j asphere.Thevolumeof theunit sphereis denotedby l d (lFm�kon , l(p�krq ,l8sik t , l8uik	v t8w x . Two immediatepropertiesof convex setsarethefollowing :y If z is a plate in c s or a body in c u , of somematerial,then it containsits centerof mass(centerof gravity) ;

constantdensityis not required.y Thepropertyof convexity for openconvex setsis invariantby continuousdeformation.All openconvex setsof c8d
areequivalent,in particularequivalentto c8d itself.

TheMinkowski additionis asettransformationwhichchangesthesizeandtheshapeof agivenset.It is carriedoutas
follows : independentlyof agivenset { , we chooseanothersetB whichwecall thestructuringelement.TheMinkowski
additionof { and | , written {	}�| , translates,enlarges,anddeformstheset { . It is definedby{ }�|Kk�` ^!~�a�e ^�b�{�� a/b�|!j (1)

Theabovedefinitionis equivalentto therelations

{	}	|Kk��� � �(� { ~�a � ��{	}	|Kk��� � �8� |�~�^H� (2)

Obviously, the Minkowski sum of two convex bodiesis itself convex. If the set | is a ball of radius _ then the
Minkowski sumis saidto beaparallelsetof { . Thisnew setis alsocalled { dilatedby theball of radius_ ; it is thesetof
pointswhosedistanceto { is at most _ . In orderto characterizea body { onelooksfor thedilatedsetby a ball of radius_ . Let ustake someexamples.Thenew setsfor a point in a plane,a line in a planeanda rectanglein a plane(Figure1)
arerespectively :

1. a diskof radius_ ,
2. theunionof two rectanglesof sidelengths� and _ , andtwo semi-disksof radius_ ,
3. a roundedrectangle,which is the union of the original rectangle,two rectanglesof side lengths � and _ , two

rectanglesof sidelengths� and _ andfinally four quarter-disksof radius_ .
Theareasarerespectively tH_ s , q � _�~�tH_ s and � �8~�q � ��~�� � _�~�tH_ s . Theseformulaesuggestthattheremaybeageneral
relationshipbetweenthe areaof the original setandits parallelsetat a distance_ . It is easyto seethat the areaof the
roundedrectangle� � �i� � canbewritten : � � �i� �(k�� � � � _ m ~	� � � � _ p ~�tH_ s (3)

where� � � � denotestheboundarylength(or perimeter)of therectangle� . Thefunctions � � � � and � � � � areindepen-
dentof thescaleof theball � � � � _ � . Wecandetectwhichtermsof theequation(3) dominatewhen_ is changed.Intuitively
we have

1. termsin _ m : denseregions(space-fillingregions),

2. termsin _ p : partsthatextendalongtheir sides,

3. termsin _ s : line endings,pointsof highcurvature,sharptangentdiscontinuities.

As one last example, let us considera cube � with edgelength � . Its parallel volume � � � ��� may be found by
decomposition � � � ����k � u ~	� � s _i~rn q � t v _ s ~�� v tq v _ u (4)



The � � termsarethecontributionsfrom respectively therectangularprismson thefaceof � , from thecylindrical sectors
on its edgesandfrom thesphericalsectorslocatedon thecorners.Again (4) suggeststhegeneralization�1� � ����� �!� ���8��� � ��� �i�	  ¡F¢ � ��� � £��o¤ ¡¥ � ¦ (5)

whereS(Q)is thesurfaceareaand ¢ � ��� is themeanbreadth.

We cannotethattherearethreepossibledilationsfor a segment§
1. isotropicdilation with a ball of radius� asin Figure1 (middle);

2. normaldilation : dilation of thesegment§ in thetwo normaldirectionsto § , asin the � � offsettingof § ;

3. tangentialdilation : dilation with thesegment ¨ ��� © � ª in thedirectionof thetangents.

Theexamplespresentedabove suggestthat for simple3D (2D) geometricalobjects,thechangein thevolume(area)
canbecomputedfrom theoriginalvolume,area,andmeanbreadth(areaandperimeter),aslongastheobjectis inflatedor
deflatedwithout changingthetopology. Theconvexity of theobjectis essentialfor thevalidity of thepreviousformulae,
which arecalledSteiner’s formulae.
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Figure 1. Dilating simplesetswith a ball. Threeelementarysetsareshown with their correspondingdilations: (left) a point, (middle)
a segmentof length ¯ , (right) a rectangleof sidelengths° and ± .

3. MINKOWSKI FUNCTIONALS

More generally, Steiner’s formulafor convex bodiesin ² � dimensionalEuclideanspacemaybewrittenas�1� � ³ �(��´µ¶ ·1¸ ¹ ²º »�¼K½ ´ ¾¶ � ³ � � ¶ (6)

wherethe ¼ ½ ´ ¾¶ � ³ � � ¶ arecalledMinkowski functionalsor curvatureintegrals.For ²�� ¥ onecanwrite�1� � ³ ��� ¼ ½ ¦ ¾¸ � ³ ��� ¥ ¼ ½ ¦ ¾¿ � ³ � � ¿ � ¥ ¼ ½ ¦ ¾£ � ³ � � £�� ¼ ½ ¦ ¾¦ � ³ � � ¦ (7)



geometricquantity ÀÂÁKÃ Ä ÅÆÈÇ ÆÇ volume É Ç ÇÊ
surface Ë ÊFÌ ÍÎÊFÌ ÏÐ
integralof meancurvature Ñ Ð Ì Í Ð Ì Í ÒÓ Eulercharacteristic

ÍÕÔ Ò Ó Ì Í Ó
Table 1. Relationbetweenthe Minkowki functionals( Ör× Ø ÙÚÜÛ Ý!Þ and ßià Û Ý!Þ ) of a convex set Ý andconventionalgeometrical
quantities.

By usingidentificationwe canobtainthe relationbetweenthe Minkowski functionalsandthe familiar geometrical
measures(Table1).

ThustheMinkowski functionalsaregeneralizationsof boththevolumeandthesurfaceareaof aconvex body á . Inte-
gralGeometryprovidesuswith acompletefamily of so-called“intrinsic volumes”Á Ã Ä Åâ"ã À!ärÉ å æ æ æ å ç è in ç1é dimensional

space,wheretheusualÇ ärÁKÃ Ä Åâ is only oneexample.Considerthefunctional ÁKÃ ê Åëìã á�è andsupposethattheboundaryí á is regularenoughto have finite principal curvaturesË Ì î ï ã ð è and Ë Ì î ë ã ð è at eachsurfaceelementds.ñ In this case

thesurfacearea
Ê ã á�è canbewritten as ò ó ô�õ ö andthefunctional

Í Á Ã ê Åëìã á�è canberepresentedasthesurfaceintegral
of themeancurvature÷ ï ã ð è , which is noted

Ð ã á�è :Ð ã á�è(ä�ø ó ô ÷ ï ã ð è õ ö�ä�ø ó ô ËÑ�ù Ëî ï ã ð è�ú Ëî ë ã ð è û õ ö
For aball of radius

î
, thecurvaturesareconstants,÷ ï äoË Ì î and ÷ ë äoË Ì î ë , oneobtainsthat

Ð ã ü ã É å î è è�ä Ô ÒHî .
Now considera convex objectK, which mayhave edgesandverticeswhereat leastoneof theprincipalcurvaturesis

infinite. Thenit is usefulto introducethemeanbreadth,wherethemeanof breadthis takenover all directionsin space.
If á is a convex polyhedronthenthemeanbreadthü ã á�è is relatedto theedgelengthsý þ andto thedihedronanglesÿ þ
betweenthetwo outernormalvectorsto thefacescorrespondingto thesameedge( �(ä�Ë å æ æ æ å � ). FromSantaĺoê wehave

ü ã á�è(ä ËÔ Ò �� þ � ï ý þ ÿ þ
Noticethat

Ð ã á�è(ärÑ Ò ü ã á�è .
Denote� as the classof closedboundedconvex subsetsof � Ä andlist somegeneralpropertiesof the functionalsÁ ÄÆ�� �
	�� , for À/ärÉ å æ æ æ å ç .
1. Motion invariance: Á ÄÆ ã á�èiäoÁ ÄÆ ã � á�è ( g = rotationplustranslation).TheMinkowski functionalsof a body

areindependentof its locationin space.

2. k-homogeneity: Á ÄÆ ã 
 á�è(ä 
 � Á ÄÆ ã á�è for 
�� É and ���	É
3. C-Additivity : Á ÄÆ ã á ï�� á ë è�ärÁ ÄÆ ã á ï è ú Á ÄÆ ã á ë è8é�Á ÄÆ ã á ï�� á ë è .
4. Convex continuity: Á ÄÆ ã á!þ è�	ìÁ ÄÆ ã á�è as á!þ�	ìá ( á , á!þ convex).

5. Monotonicallyincreasing: Á ÄÆ ã á ï è�� Á ÄÆ ã á ë è if á ï�� á ë
A fundamentalresult in integral geometryis the completenessof the family of Minkowski functionals. A theoremby
Hadwiger� statesthateverymotioninvariant,�!é additiveandcontinuousfunctional � ã á�è over � canbewrittenas

� ã á�è�ä Ä�Æ � â! Æ Á Ã Ä ÅÆ ã á�è
with suitablecoefficients  Æ



4. ISOPERIMETRIC INEQUALITIES AND BLASCHKE DIAGRAM

For many yearsmathematicianshave beeninterestedin inequalitiesinvolving geometricfunctionalsof convex figures.
TheGreeksdiscoveredthefirst isoperimeticinequalityby solvingthefollowing problem: “Is it a link betweenthearea"

of aplaneregionandits perimeter# ?”. A way to formulateanequivalentstatementis in theform of theisoperimetric
inequality.

Theorem. Amongall regionsin theplane,enclosedby apiecewise $&% boundarycurve,with area
"

andperimeter# ,' ( "*) #,+ (8)

If equalityholds,thentheregion is acircle.

More generally, the isoperimetricproblemin -�. is to minimize the surfaceareaamongall domainshaving given
volume,or equivalently, maximizethe volumealongall domains/ whoseboundarysurfaceshave fixed volume. The
solutionsin bothcasesis thattheuniqueextremalis thedomainboundedby asphere.Thecorrespondinginequalityis

0 . 1 . 243 /65 . 7�% ) 243 8 /45 .
where1 . is thevolumeof a unit ball in -�. and 8 / is theboundaryof / . Theequalityholdsif andonly if / is theball.
This inequalityis theconsequenceof thefundamentalresultestablishedby BrunnandMinkowski. We shallfirst present
this resultin caseof theplane( 9 3 " 5 denotestheareaof

"
).

Theorem. Brunn-Minkowski inequality. Let
"

, :<;=- + bearbitraryboundedmeasurablesetsin theplane.Then> 9 3 3 ?�@BA 5 "DC A :E5BF 3 ?�@�A 5 > 9 3 " 5 C A > 9 3 :E5 G A ;�H I G ? J (9)

This theoremsaysthatsincetheMinkowski additiontendsto “round out” thesetsbeingmixed,theareaof themixedset
exceedsthesumof theareaof the

"
and : . We cancheckthis resultin thecaseof rectangleswith sidesparallelto the

axes.Thegeneralresultcanbeprovedby exhaustingthesets
"

and : by disjoint rectangles.Theabove theoremcanbe
establishedin 0 -dimensionalspace.If

"
and : arenon-emptycompactsubsetsof -�. , then

K L M 3 3 ?�@�A 5 "NC A :E5 % O . F 3 ?�@�A 5 K L M 3 " 5 % O . C A K L M 3 :E5 % O . G A ;BH I G ? J (10)

Thefollowing inequalitiesof Minkowski canbestatedfrom theprevioustheorem.P +QFSR 2&T (11)

T +QF ' ( P (12)

T*U F ' V ( + 2 (13)

Blaschke proposedmappingthe family of compactconvex setsW , in - U , into a compactregion in the plane. In other
words,heproposedthateachmemberof W bemappedto thepoint 3 X G Y 5 of - +Z , where

X�[
' ( P
T +]\ ^!_ Y [

' V ( + 2T U (14)

Therangeof this mappingis callednow theBlaschke diagramandis denotedby W . % ` Relationsbetweenthreefunda-
mentalparametersof a convex bodyarethusmappedin a planediagram,asin Figure2.

Theinequalitiesabovecanbetranslatedto

X +QFaY (15)

? F X (16)

? FaY (17)V( + Gcb�d e f egY [ I (18)
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Figure 2. TheBlaschke diagram.

Observe thatall similar setsaremappedto thesamepoint. Thustheballsaretheonly bodiesmappedinto thepointj k l k m
. Theimageof pointsandline segmentsis in

j n l n m
. Planarconvex sets,for which �
� n , aremappedto the ��� axis,

andthedisksaretheonly setswhoseimageis
j � � ��� l n m

.

Thus � is a boundedregion includedin theunit square.Let usfind theboundaryof � . Theinequalitiesaboveassert
that � . n4� � ��k lcnE�D�6� � � (19)

wheretheparabola
� �D� ��j n4� � ��k m belongsto theboundaryof �

Thefamily of extremesetsmappedto theparabolicboundaryarethecapbodies.Thesearetheconvex hull of a ball
andcountablymany pointsexterior to it suchthat the segmentsjointing any two of thesepointsintersectthe ball. The
right boundaryis still unknown.

To show thattheBlaschkediagramis connected,considertheconvex mixing ��� j k ��� m �
� �!� where
�

and � are
elementsof � and �=��� n l k � . Eachelementof � is a memberof � andit follows from thepropertiesof � , � and � that
theimageof � is analgebraiccurve.� � In particular, theimageof a set

�
is connectedto (1,1)by thecurvedetermined

by its outerparallelbodies,thatis thebodiesof theform
���=� � j n l k m

. If theimageof � lieson theline
� ��� �E�=� , then

all its outerparallelbodiesaremappedto that line. Thepoint labelled� is theimageof thecubes.Thepoint labelled
�

is theimageof thecylinderswhosetheheightis equalto theradius.It is on thecurve which is themappingof cylinders
of radius

�
andof height � � . Thevolume,surface,meancurvatureandEulercharacteristicof thesepreviouscylindersare

respectively : �
� � � � � l �B��� ��� � j k�� � m l �<� ��� j ��� � m lc  � k
By varying the parameter� from zeroto infinity, we canchangethe morphologyof the cylinder from prolateto oblate
shape.
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Figure 3. The shapeof someconvex bodies. The solid line correspondsto cylinders in transitionfrom a filament to a pancake by
varyingtheirheight.

5. THE SHAPEFINDERS

Theconvex bodiesdo not fill thewholeunit square.We choosethreeindependentratiosof Minkowski functionalsthat
havedimensionof length.Requiringthatthey yield theradius· appliedto a ball, wedefine

¸�¹ º » ¼ ½ ¾ ¿ ¿<À�ÁEÂÄÃ ÅÆ Ã�Ç!ÈcÉ º Ê Ë ¹ÍÌ�Î�Â
Æ Ã�ÇÏ Ã!Ð�ÈÒÑ ¾ ½ Ó Ë ¹ÍÔ,Õ�Â×Ö Ã!ÐØ Ã!Ù

With the isoperimetricinequality, we have
Ô,Õ4Ú
Ì�Î�Ú*À�Á

for any convex body. RecentlySahniet al.Û have proposed
dimensionlessshapefindersby

Ü�Ý Þ ½!Þ ß º Ë à ¶ Â Ì�Î�á=À�ÁÌ�Î�á=À�Á ÈÒâ º Ý Þ ãE¾ ½ Ë Þ ß àåä�Â
Ô�Õ,áBÌ�ÎÔ�Õ�æDÌ�Î (20)

Now considerthe exampleof parallelipeds.An ideal pancake (having vanishingthickness)hasonecharacteristic
dimensionmuchsmallerthan the remainingtwo, so that

À�ÁDçèÌ�ÎEéêÔ,Õ
and ëEì,í î é�ï ð È ñ ò . An ideal filament (a

one dimensionalobject) hastwo characteristicdimensionsmuch smallerthan the third so that
À�Á�éêÌ�Î6çóÔ,Õ

andë4ì�í î éôï ñ È ð ò . All threedimensionsof a cubeareequalso that
À�Á=é�Ì�Î�é�Ô�Õ

and ë4ì,í î éôï ñ È ñ ò . Finaly consider
a ribbon for which

À�Á�çóÌ�Î4çóÔ,Õ
and ëEì,í î éõï ð È ð ò . Thesefour parallelipedcorrespondto the points labelled

respectively ö , ÷ , ø and ù on theFigure3.

ö , ÷ , c Morphology ( ¶ È ä ) Thickness Width Length
(10 000,10 000,1) Pancake ( ñ ú û û ñ È ñ ú Æ Æ ð ) 1.497 318,782 500.250
(10 000,1, 1) Filament ( ñ ú Æ ü ý È ñ ú û û ý ) 0.749 1.273 2500.000
(10 000,100,1) Ribbon ( ñ ú û ü Ø È ñ ú û ü ñ ) 1.485 63.661 2525.250
(10 000,10 000,10 000) Cube ( ñ ú ð Æ ñ È ñ ú ñ ý ð þ ) 5 000.000 6366.197 7500.000

Table 2. Shapefindersfor aparallelipedwith sidelengths® , ° , ´ . ÿ � , ��� and ��� havedimensionof length,� and � aredimensionless.



6. CONCLUSION

In this paper, we have presentedthe Blaschke diagramandonevariantwhich have allowed us to represent3D convex
bodieswith a point in 	�
 . Themajor limit of themappingis that it is restrictedto convex bodies.Indeed,bothconvex
andnon-convex bodiescanberepresentedwith thesamepoint. It will be thenessentialto useinformationof semantic
typein orderto discriminatebetweenobjects.
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